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Solution verification of WECs: comparison of
methods to estimate numerical uncertainties

in the OES wave energy modelling task
Claes Eskilsson, Alex Shiri and Eirini Katsidoniotaki

Abstract—High-fidelity models become more and more
used in the wave energy sector. They offer a fully nonlinear
simulation tool that in theory should encompass all linear
and nonlinear forces acting on a wave energy converter
(WEC). Studies using high-fidelity models are usually
focusing on validation of the model. However, a validated
model does not necessarily give reliable solutions. Solution
verification is the methodology to estimate the numerical
uncertainties related to a simulation. In this work we test
four different approaches: the classical grid convergence
index (GCI); a least-square version (LS-GCI); a simplified
version of the least-square method (SLS-GCI); and the
ITTC recommended practice. The LS-GCI requires four or
more solutions whereas the other three methods only need
three solutions. We apply these methods to four different
high-fidelity models for the case of a heaving sphere. We
evaluate the numerical uncertainties for two parameters
in the time-domain and two parameters in the frequency
domain. It was found that the GCI and ITTC were hard to
use on the frequency domain parameters as they require
monotonic convergence which sometimes does not happen
due to the differences in the solutions being very small.
The SLS-GCI performed almost as well as the SL-GCI
method and will be further investigated.

Index Terms—Solution verification, validation & verifica-
tion, computational fluid dynamics, wave energy

I. INTRODUCTION

HOW to estimate the accuracy of a numerical
solution when there is no exact solution to com-

pare against? This is the question at heart of solution
verification. Solution verification is the often overlooked
part of the verification and validation (V&V) procedure of
numerical models. The traditional verification step, in
which we make sure the numerical code is working
correctly by comparing to exact solutions for sim-
plified equations, can be considered a task for code
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developers and thus not applicable when doing nu-
merical analysis of wave energy converters (WECs)
using established software. In the validation stage, we
make sure that the underlying mathematical models
approximate the application problem under investi-
gation, typically performed by comparing numerical
results to experimental test data. The vast majority of
all studies of WECs using high-fidelity CFD codes have
been targeting validation, see e.g. [1]–[6] to name just
a few. We also refer to the review paper [7] and the nu-
merous references within. There even exists dedicated
collaborations that target the validation of numerical
models for wave energy by performing blind-tests and
code-to-code comparison campaigns: the Collaborative
Computational Project in Wave Structure Interaction
(CCP-WSI) [8]–[10] and the Ocean Energy Systems
wave energy modelling task (OES-WEMT) [11]–[14].
Yet, there is another flavour of verification that is often
omitted but should be performed ideally for every
computational case: the solution verification. Here the
uncertainty of the simulations and thus the quality of
the computations are estimated.

A. Solution verification
There exists a rich literature on V&V for general

CFD simulations. A good start of solution verification
studies start with the classical text book of Roache [15]
presenting the fundamental grid convergence index
(GCI). In aeronautics there exists several standards
and guidelines that dates back decades [16], [17]. With
regard to the marine engineering sector the closest we
have to a standard would be the International Towing
Tank Conference (ITTC) recommendations [18]. How-
ever, [18] outlines the solution verification methodol-
ogy but there is little discussion about what variables
to actually measure convergence and uncertainty.

B. Sources of uncertainties
There are two main sources of errors and uncer-

tainties in numerical simulations: modelling errors and
numerical errors. Modelling errors arise from simplifi-
cations and approximations in the numerical model
(simplified geometries, truncated computational do-
mains, boundary conditions, turbulence models, etc.).
We can divide the numerical errors into three parts
[19]: (i) discretization errors (temporal and spatial er-
rors), (ii) iterative convergence errors, and (iii) round-
off errors caused by the limit of machine precision.
Round-off errors can be neglected for double precision
computations.
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C. Paper contribution

There have been previous work focusing on solution
verification for wave energy converters [20]–[23], and a
number of studies have employed solution verification
approaches to prove convergence of solutions, e.g.
[24], [25]. We here present a first comparison of the
uncertainties given by different solution verification
approaches when applied to wave energy application.
Please note that we limit the paper to only consider
the numerical spatial discretization error and not the
modelling error. However, more important is that the
present paper tries to step beyond comparing response
amplitude operators (RAOs), and aims to propose a
set of variables to be used in solution verification of
wave energy applications equally valid for decay and
diffraction tests, regular waves and irregular sea states.

II. SOLUTION VERIFICATION

In the present study we will compare four different
methods to estimate the numerical uncertainty:
� the original grid convergence index (GCI) method

of Roache [26].
� The least-square grid convergence index (LS-GCI)

method of Eça and Hoekstra and co-workers [19],
[27], [28].

� a simplified variant of the least-square grid con-
vergence index method (SLS-GCI) as presented by
Tanaka and Miyake [29].

� the International Towing Tank Conference (ITTC)
best practice recommendations [18], which very
closely follow the work of Stern et al. [30].

All methods are fundamentally similar and based on
(i) numerically obtained convergence rates, (ii) Richardson
extrapolation to obtain estimate of the value at zero grid
spacing �0, and (iii) transfer of errors to uncertainty by
means of safety factors or correction factors. Nevertheless,
there are subtle differences in the way the methods are
devised. In the sections below we give details about
the above methods, whereas Table I outlines the pros
and cons of the four methods to be investigated.

A. General definitions

We start by reminding ourselves of the difference
between error and uncertainty. Error (�) refers to the
difference between a numerical solution (�i) and the
exact solution (�0)

� = �i � �0 : (1)

Uncertainty (U�i ) defines an interval that should con-
tain the exact solution, i.e.,

�i � U�i
� �0 � �i + U�i

: (2)

The basis for obtaining the numerical error is grid
refinement study with m grids and solutions. Let h1 <
h2 < : : : < hm be a sequence of meshes where hi
denotes a representative cell size and h1 the smallest
cell size. The cell size is typically obtained as

hi = (Ni)
(1=d)

; (3)

TABLE I
OUTLINE OF THE SOLUTION VERIFICATION METHODS.

Method Advantages Disadvantages

GCI
� Only 3 meshes
� Easy to implement

� Constant r
� Requires

monotonic
convergence

� Requires
asymptotic
convergence

� Does not use stan-
dard deviation

LS-GCI
� Non-constant r
� Safety factors rel-

ated to convergence

� ≥ 4 meshes
� Complex

implementation

SLS-GCI
� Only 3 meshes
� Non-constant r
� Safety factors rel-

ated to convergence

� Complex
implementation

ITTC
� Only 3 meshes
� Easy to implement
� Non-constant r
� Correction

factors related
to convergence

� Avoids overly con-
servative safety fac-
tors

� Requires
monotonic
convergence

where N is the element count and d is the the
dimension of the mesh. The cell sizes are non-
dimensionalized by dividing with h1, i.e. hi = hi=h1:
We further introduce the refinement ratio rij = hi=hj .

B. Original GCI method
The original GCI method [26] only requires two

meshes, but in general three meshes are always used
as the estimate for the convergence rate become highly
uncertain for only 2 meshes. The sequence of meshes
require a constant refinement ratio. Traditionally r = 2
is used, but as this can be unsustainable for larger mesh
sizes r =

p
2 was put forward by [30]. Using three

meshes the convergence rate p can be estimated as

p = ln

�
�32

�21

�
= ln(r) : (4)

where we define �ij = �i � �j . By using Richardson
extrapolation we can estimate the converged value �0

�0 � �1 +
�1 � �2

rp � 1
; (5)

and thus the error

�1
RE = �1 � �0 =

�21

rp � 1
: (6)

A key step in [26] is that the numerical errors are
converted into uncertainties by means of safety factors
FS , giving

U� = FS j�j : (7)
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In the original GCI method we require the convergence
to be asymptotic (0:95 � p � 2:05, for a standard
second-order scheme) and the safety factors are simply
set to 1.25 if three or more meshes are used and 3.0 if
only two meshes are used.

Thus we get the following two expressions of the
uncertainty, one for the finest resolution

U1 =
1:25j�21j
rp � 1

; (8)

and one for the coarser resolution

U2 =
1:25j�21jrp

rp � 1
: (9)

C. Least-square GCI method

A more refined GCI approach is due to Eça and
Hoekstra and co-workers [19], [27] using a least-square
approach.

The numerical error is estimated as

�RE = �i � �0 = ahpi ; (10)

in which p is the numerically obtained order of con-
vergence and a is a case specific constant. Assuming
first and second order convergence as well as a mixture
of first and second order convergence we additionally
have

�01
RE = �i � �0 = a01h

1
i ; (11)

�02
RE = �i � �0 = a02h

2
i ; (12)

�12
RE = �i � �0 = a11h

1
i + a12h

2
i : (13)

Using a least square approach we then evaluate �0, p
as well as the constants to obtain the errors.

Following [26], the numerical errors are converted
into uncertainties by means of safety factors. Here,
however, the values of the applied safety factors follow
from the convergence. If p > 0 the convergence is
monotone, otherwise it is oscillatory. If in addition the
convergence is in the asymptotic range (0:95 � p �
2:05) the safety factor is set to 1.25. If the convergence
is monotonic but not in the asymptotic range, then the
safety factor is set to 3.

In addition, the uncertainties are not only directly
following the computed errors but are also dependent
on the standard deviations. Thus, the larger the mesh
sequence, the more improved the estimated uncertain-
ties become. To summarize, the uncertainties can be
evaluated as

U� =1:25�RE + US if p 2 [0:95; 2:05] ;
(14)

U� = min
�
1:25�RE + US ; 3�12

RE + U12
S

�
if p < 0:95;

(15)
U� = max

�
1:25�RE + US ; 3�02

RE + U02
S

�
if p > 2:05;

(16)

where US , U02
S and U12

S are the standard deviations
obtained from the least square fits. In the case of oscilla-
tory convergence, a range-based estimate is employed

U� = 3��M ; (17)

in which the error between the maximum and mini-
mum is obtained as

��M =
max j�i � �j j
(hm=h1)� 1

1 � i; j � m: (18)

D. Simplified least-square GCI method
As in the LS-GCI method the exact value, the con-

vergence rate and the constants are obtained using
least-squares. This version is alleged to work with only
three meshes. Upper (pu) and lower (pl) thresholds
of the convergence of the discretization schemes are
introduced. In this work we set the lower threshold to
pl = 0:95 and the upper threshold to pu = 2:05, as we
are working with second order discretrization schemes
and in order to harmonize with the LS-GCI method.

The uncertainties are then evaluated as

U� =1:25�RE + US if p 2 [0:95; 2:05] ; (19)
U� =3�01

RE + U01
S if p 2 (0; 0:95) ; (20)

U� =3�RE + US if p > 2:05 : (21)

For the case of oscillatory or not converged solutions
(p < 0) we compute the uncertainty as

U� = UmS =

vuut1

3

3X
k=1

�
�k � ��

�2
; (22)

where �� denotes the mean of �.

E. ITTC
The ITTC guidelines [18] lean heavily upon the work

of Stern and co-workers [30], in which uncertainty
estimates are obtained using correction factors rather
than safety factors. Stern et al. argues that the safety
factor approach can be overly conservative.

The approach requires only m = 3 solutions, albeit
m = 5 is required if higher-order terms are sought after.
In this work we use m = 3. If r is constant then (4)
can be used. If r is not constant the convergence is
estimated by

p =
ln (�32=�21)

ln(r21)
+

1

ln(r21)
(ln(rp32 � 1)� ln(rp21 � 1)) :

(23)
The error is now estimated by (6) multiplied with a
correction factor FC , giving

��RE = FC �
1
RE = FC

�21

rp � 1
: (24)

The correction factor can be estimated as

FC =
rp � 1

rpest � 1
: (25)

Here pest is an estimate for the limiting orders of
accuracy in the asymptotic range. In this work we use
the theoretical order of accuracy pest = 2.

The uncertainty is given by bounding the error by
the sum of the absolute value of the correction and the
absolute value of the amount of correction

U� = (jFC j+ j1� FC j) j�1
RE j: (26)
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TABLE II
NUMERICAL MODELS USED.

Label Code Main features

RANS1 OpenFOAM-v2212 Incompressible RANS, FVM, implicit timestepping, algebraic VOF , mesh morphing
RANS2 OpenFOAM-v2212 Incompressible RANS, FVM, implicit timestepping, geometric VOF, mesh morphing
RANS3 OpenFOAM-v1912 Incompressible RANS, FVM, implicit timestepping, algebraic VOF, overset mesh
FNPF1 Shipflow MOTIONS-v7 FNPF, BEM, explicit timestepping, MEL

There are several versions of expressions with regard
to uncertainty and correction factors. ITTC [18] lists the
one given by Wilson et al. [31] as recommended:

U� =
�

2:4 (1� FC)
2

+ 0:1
�
j�1
RE j

if j1� FC j < 0:125 ; (27)
U� = (1� FC) j�1

RE j if j1� FC j � 0:125 : (28)

III. PARAMETERS

Of paramount importance for the usability of the so-
lution verification is for which parameters we estimate
the numerical uncertainty. Typically the parameters
are expressed in non-dimensional form. This is easily
achievable: using RAOs for responses and any forces
can be non-dimensionalized with e.g. the hydrostatic
stiffness. In this study we will use decay coefficient
(c) and decay period (Tr) for decay tests and RAOs
(x̂) and response period (Tr) for analyses in the time-
domain. The periods are non-dimensionalized with the
analytical damped natural period.

However, in order to device a metric usable for all
cases, regular as well as irregular, we will look into the
results in spectral form and look at the convergence of
the spectral moments and variables derived from the
spectral moments. Thus, we will compare traditional
parameters based for convergence like RAO and decay

coefficients to their spectral moments. We define the
spectral moments as

mn =

Z 1
0

fnF (f)df (29)

where f is the frequency and F is a function. Especially,
we will look into the convergence of the variance � =p
m0 and the response period given by T02 =

p
m0=m2.

IV. NUMERICAL MODELS

In contrast to the previous work [12] and [13], this
study is restricted to the use of high-fidelity models,
i.e., unsteady RANS and FNPF models. For high-
fidelity models numerical discretization errors are im-
portant and thus we can use solution verification pro-
cedures developed for general CFD. For LPF/WNPF
models modelling errors can be expected to be signif-
icantly larger than the numerical discretization errors.
Thus the benefit of performing the solution verification
approaches discussed in section II for LPF/WNPF
models would be limited, and they are thus not in-
cluded in the study.

The four different numerical models used and their
main features are presented in Table II. Out of the
four models, two are versions of the Reynold-averaged
Navier-Stokes (RANS) multi-phase interFoam solver
in the OpenFOAM open-source framework founded on
the cell-centred finite volume method (FVM) [32], [33].

Fig. 1. Decay tests of a sphere. Top: Photos of the sphere at the initial positions for the three drop cases. Bottom: Normalised time series of
recorded heave motion for the three drop height. From [13].




